This paper is concerned with a class of first order differential iterative equations. Under proper conditions, we employ a novel argument to establish a criterion on the existence of pseudo almost periodic solutions. The obtained result complements with some existing ones.
Introduction
Iterative differential equations, as special types of state-dependent delay-differential equations, have distinctive characteristics. In the last three decades, they have been extensively and intensively studied. Numerous results on smoothness, equivariance, analyticity, monotonicity, convexity as well as numerical solutions have been obtained. To name a few, we refer the reader to [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and the references therein. Furthermore, Ge et al. [11] and Xiang and Ge [12] have established the existence of periodic solutions for the following nonautonomous first order differential iterative equations, x ′ (t) = a(t)f (x(x(t))), (1.1) and x ′ (t) = w(t)(a 1 x(t) − a 2 x(x(t))), (a 1 > a 2 > 0), (1.2) respectively. Here f (x) is a Lipschitz continuous function, a(t) and w(t) are continuous periodic functions.
On the other hand, the existence of pseudo almost periodic solutions is among the most attractive topics in qualitative theory of differential equations due to their applications, especially in biology, economics and physics [13, 14] . In particular, some criteria ensuring the existence of pseudo almost periodic solutions were established in [15] [16] [17] [18] and references cited therein. Moreover, the properties of the almost periodic functions do not always hold in the set of pseudo almost periodic functions. For example, if x(t) is an almost periodic function, we can show that x(x(t)) is an almost periodic function. But when x(t) is a pseudo almost periodic function, x(x(t)) may not be a pseudo almost periodic function. For more details, readers may refer to [13] . Consequently, to the best of our knowledge, there exists no result on the existence of pseudo almost periodic solutions for nonautonomous first order differential iterative equations.
Motivated by the above discussions, the main purpose of this paper is to give some sufficient conditions for the existence of pseudo almost periodic solutions of the following nonautonomous first order differential iterative equation,
Obviously, Eqs. (1.1) and (1.2) are special cases of (1.3).
Let BC (R, R) be the set of all bounded and continuous functions from R to R, and BUC (R, R) be the set of all bounded and uniformly continuous functions from R to R. Clearly, (BC(R, R), ∥ · ∥ ∞ ) is a Banach space, where ∥ · ∥ ∞ denotes the supremum norm ∥g∥ ∞ := sup t∈R |g(t)|. We denote by AP(R, R) the set of all almost periodic functions from R to R (for details on almost periodic functions, see [13] , for example). Define
A function ϕ ∈ BC (R, R) is called pseudo almost periodic if it can be expressed as ϕ = h + g, where h ∈ AP(R, R) and g ∈ PAP 0 (R, R). The collection of such functions will be denoted by PAP(R, R). In particular, (PAP(R, R), ∥.∥ ∞ ) is a Banach space [13] .
Throughout this paper, it will be assumed that α : R → (0, + ∞) is an almost periodic function, β, q : R → R are pseudo almost periodic functions, and
Moreover, we suppose that there exists a positive constant L f such that
and
(1.6)
The remaining part of this paper is organized as follows. First, we give two lemmas in Section 2. These results, together with the contraction mapping principle, will be used in Section 3 to establish the main result in Section 3. Under some suitable conditions, we show that (1.3) has a unique pseudo almost periodic solution.
Preliminary results
In this section, we present two lemmas which will play an important role in the next section.
Obviously, ϕ ∈ PAP(R, R). It suffices to show that
Actually, for any ε > 0, from (2.1), we can choose p > 0 such that
which, together with (2.3), implies that . We claim that ϕ ∈ BUC (R, R). In fact, for any ε > 0, from (2.5), we can choose p > 0 such that
Note that x p is uniformly continuous on R. Then there exists δ = δ(ε) > 0 such that
This, combined with (2.6), implies that
= ε for t 1 , t 2 ∈ R and |t 1 − t 2 | < δ. This proves the claim and hence finishes the proof.
The main result
The main purpose of this section is to prove the following result. 
Proof. It follows from Lemmas 2.1 and 2.2 that B is a closed subset of PAP(R, R). Let φ ∈ B.
In view of Corollary 5.4 in [13, p. 58], the uniform continuity of φ implies that φ(φ(t)) ∈ PAP(R, R). Obviously, (1.6) implies that f is a uniformly continuous function on R. Again from Corollary 5.4 in [13, p. 58], we obtain that f (φ(φ(t))) ∈ PAP(R, R).
Consider an auxiliary equation
In view of the fact that α − > 0, it follows from Theorem 2.3 in [14] that (3.2) has exactly one pseudo almost periodic solution 
We shall prove that T is a contraction mapping on B. Then by the contraction mapping principle, T has a unique fixed point, say x * , in B. By (3.2), x * also satisfies (1.3) and hence x * is the unique pseudo almost periodic solution of (1.3) in B. Now, we come to prove that T is a contraction mapping on B. First, we show that T is a self-mapping from B into itself. In fact, according to the definition of the norm in the Banach space PAP(R, R), we can derive that
Then, for any ϕ ∈ B, we have
It follows that
This implies that
Applying the Lagrange's mean value theorem gives us
for all t 1 , t 2 ∈ R, where ∆ ∈ (0, 1). Therefore, (3.5) and (3.6) together yield that T ϕ ∈ B. This proves that T is a self-mapping from B to itself. Next, we prove that the mapping T is a contraction mapping on B. Indeed, in view of (1.4)-(1.6), (3.1) and (3.4), for any ϕ, ψ ∈ B, we have
which immediately produces
It follows from 
This means that (4.1) satisfies all the conditions in Theorem 3.1. It follows from Theorem 3.1 that (4.1) has exactly one pseudo almost periodic solution
Remark 4.1. To the best of our knowledge, there is no result on the existence of pseudo almost periodic solutions to differential iterative equations before. We also mention that all results in the Refs. [13] [14] [15] [16] [17] [18] cannot be applied to (4.1) to establish the existence of pseudo almost periodic solutions of (4.1). Here we employ a novel proof to establish some criteria which guarantee the existence of pseudo almost periodic solutions for differential iterative equations. This indicates that our method and result are totally new.
Remark 4.2.
Recently, as pointed out by Ait Dads and Ezzinbi in [19] , it would be of great interest to study the dynamics of pseudo almost periodic systems with time delays. It is well known that the differential iterative equation is a special type of state-dependent delay differential equations and plays an important role in applications (see [20] ). In this paper, the existence of pseudo almost periodic solutions on a class of first order differential iterative equations has been studied for the first time. Further, some applications of our results to population dynamics are given as follows. Differential iterative equation of the form (1.3) includes many mathematical ecological and population models (directly or after some transformation), such as:
(1) delay logarithmic equation [21] y
′ (t) = y(t)[F (t) − a 1 (t) ln y(t) − a 2 (t) ln y(t − τ (t))]
can be reduced to x ′ (t) = −a 1 (t)x(t) − a 2 (t)x(t − τ (t)) + F (t),
where y(t) = e x(t) is the invariant transformation, and τ (t) = t − x(t) is the state-dependent delay.
(2) Nicholson's blowflies model with a harvesting term [22] x ′ (t) = −a(t)x(t) + β(t)x(t − τ (t))e
−γ x(t−τ (t))
− H(t), where H(t) is the harvesting term, and τ (t) = t − x(t) is the state-dependent delay.
